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Abstract

Wold Theorem plays a fundamental role in the decomposition of weakly stationary time
series. It provides a moving average representation of the process under consideration in
terms of uncorrelated innovations, whatever the nature of the process is. From an empirical
point of view, this result enables to identify orthogonal shocks, for instance in macroeco-
nomic and financial time series. More theoretically, the decomposition of weakly stationary
stochastic processes can be seen as a special case of the Abstract Wold Theorem, that al-
lows to decompose Hilbert spaces by using isometric operators. In this work we explain
this link in detail, employing the Hilbert space spanned by a weakly stationary time series
and the lag operator as isometry. In particular, we characterize the innovation subspace by
exploiting the adjoint operator. We also show that the isometry of the lag operator is equiv-
alent to weak stationarity. Our methodology, fully based on operator theory, provides novel
tools useful to discover new Wold-type decompositions of stochastic processes, in which the
involved isometry is no more the lag operator. In such decompositions the orthogonality
of innovations is ensured by construction since they are derived from the Abstract Wold
Theorem.
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1 Introduction

Wold Decomposition Theorem, stated and proved for the first time by Wold| (1938), is a
milestone in theoretical econometrics. Generalizing the idea that autoregressive processes
may have a moving average representation, this theorem shows how to decompose any
weakly stationary time series into a non-deterministic component, driven by linear uncor-
related innovations, and a deterministic term, which is included in the so-called remote
sigma-algebra of events. The non-deterministic part consists of a moving average which
is extremely relevant for economic and financial time series. Indeed, the uncorrelation of
innovations is useful to identify unexpected shocks which occur at calendar time. This way
of reasoning underlies non-structural econometric modelling. In the macroeconomic litera-
ture, for example, Leeper, Sims, Zha, Hall, and Bernanke, (1996) widely employed moving
averages in order to evaluate the impact of independent monetary policy shocks to the

economy.

The linearity of the non-deterministic term makes the most common econometric tools,
e.g. ordinary least squares, suitable for the estimation of the so-called impulse response
functions. Such coefficients capture the sensitivity of a time series with respect to a shock
occurred several periods before. Or, from the opposite perspective, they quantify the future
impact of today disturbances. For instance, through impulse response functions, [Leeper

et al.| (1996) were able to relate money stock surprises to U.S. prices and output changes.

Wold decomposition has an abstract counterpart, i.e. the Abstract Wold Theorem, which is
well-known in functional analysis and, in particular, in operator theoryE] The Abstract Wold
Theorem provides a way to decompose a Hilbert space into the direct sum of orthogonal
subspaces, induced by the powers of an isometric operator. In this work we show that the
Classical Wold Decomposition for weakly stationary time series, as stated, for instance, in
Brockwell and Davis| (2009)) and in [Bierens| (2012), is a special case of the Abstract Wold
Decomposition that involves isometries on Hilbert spaces. Briefly, the involved Hilbert space
will be the span of the past realizations of a weakly stationary time series and the isometry

will be the lag operator.

The applicability of our novel approach is not limited to the Wold decomposition showed in
this paper, but it involves a broader class of Wold-type decompositions. Indeed, to deduce

the Classical Wold Decomposition for stochastic processes from the abstract one, we develop

2See, for example, [Nagy, Foias, Bercovici, and Kérchy| (2010) as a reference about operators on Hilbert
spaces.



a methodology that can be employed in more general contexts. Specifically, we exploit the
properties of the adjoint operator, especially the features of its kernel, in order to find the
so-called innovation subspace, or wandering subspace, which is the building block of the
decomposition. Our procedure represents a simple path that can be followed to discover
new Wold decompositions for weakly stationary time series, involving isometries different
from the lag operator. For instance, a possibly isometric operator may be inspired by the
discrete Haar transform that has been applied to economic time series by |Ortu, Tamoni,

and Tebaldi| (2013) in order to capture heterogeneous layers of persistence.

The paper is organized as follows. Section [2| introduces weakly stationary time series and
the Classical Wold Decomposition Theorem. Section [3 reviews operator theory in Hilbert
spaces and states the Abstract Wold Theorem. Section [4] illustrates the main contribution
of the paper, i.e. the derivation of the Classical Wold Decomposition for time series from
the Abstract Wold Theorem. In particular, Proposition [12] establishes the equivalence be-
tween weak stationarity and isometry of the lag operator, promoting the isometry property
to fundamental notion for our construction. Moreover, Proposition provides a charac-
terization of purely deterministic time series in terms of non-regularity. Finally, Section
outlines a possible generalization of the theory by exploiting different isometric operators.

Appendix contains the proofs of lemmas.

2 Stationarity and Classical Wold Theorem

Let x = {x }1ez be a stochastic process in which any variable x; is measurable with respect
to a probability space (€2, F,P). We assume that the second moment of z; is finite for any
t, i.e. each x; belongs to the vector space L?(€, F,P), in which two random variables are

identified when they coincide almost surely.

Definition 1 The process x = {x;}1ez is weakly stationary when, for any t,

i) E [27] is finite,
1) E[x] is independent of t,

i1i) the cross moment E[z,_pzi_k] depends at most on the difference h — k, for any
hkeZ



When x is weakly stationary, the autocovariance function v : Z — R is well-defined.

Indeed, by denoting p the first moment of x;, we have that, for any integer j,

Y(j) = Cov (x4, w¢—j) = E[(xs — p) (we—j — )] .

We will assume that the weakly stationary stochastic process x has zero mean, that is
w= OE| Relevant properties of autocovariance functions can be retrieved, for example, in
Brockwell and Davis| (2009). Here, we just recall that a weakly stationary process x is a

white noise if 4 =0 and y(j) = 0 for all j # 0.

A key notion about time series is the so-called reqularity, as defined, for instance, in |Bierens
(2012). Regularity concerns the orthogonal projection of the variable x; on the closed
subspace of L?(2, F,P) spanned by the sequence {z;_j}ren. See Section for details
about this subspace, that we denote by H;_1(x).

Definition 2 Given a weakly stationary stochastic process x, let Py, | (x)®t denote the

orthogonal projection of the random variable x; on the vector space

“+o0o +00 +00
Hi—1(x) =cl {Z ApTi—k Z Z arapy(k —h) < +oo} )
k=1

k=1 h=1

We say that x is regular when
H:Et — P’Htfl(x)xtH >0 Vit € Z,

where || - || is the L*-norm.

The regularity condition implies linear independence among variables x; and allows us to
identify non-trivial Wold decompositions (see Proposition [19|in Section |4.2]).

We now state the Classical Wold Decomposition Theorem for zero-mean, regular, weakly

stationary time series, that we will prove in the following sections.

Theorem 3 (Classical Wold Decomposition) Let x = {z;}1ez be a zero-mean, regu-

lar, weakly stationary stochastic process. Then, for any t € Z, x; decomposes as
—+00
Ty = Z OkEt—k + Vg,
k=0

where the equality is in the L>-norm and

3Such assumption entails no loss of generality. Indeed, in case y is different from zero, for our purposes
it is enough to replace z; with x; — p.



i) € = {et}iez is a white noise process with variance equal to 1;

i1) for any k € Ny, the coefficients oy, do not depend on t,
+oo
a = E[ze1_k] and Za% < 400;
k=0

iii) v = {v}iez i a zero-mean weakly stationary process,

+oo
v € ﬂ Hi—j(x) and E[mner—k] =0 VE € Ny;
j=0

iv)

+oo +oo
v € cl Zahytfh € ﬂ Ht_j<X) :oap €R
h=1 j=1

The last property points out that the process v is predictable. Indeed, v is usually indicated
as the deterministic component of the time series x, while the term Y 72 j age;—j constitutes
the non-deterministic component. We say that a weakly stationary time series is purely non-
deterministic when the deterministic component is equal to zero. Similarly, we call purely

deterministic those weakly stationary processes with null non-deterministic component.

Finally, we recall that the impulse response functions ay are the least squares coefficients
concerning the orthogonal projection of z; on the linear subspace generated by the innova-

tion £;_;. Note, indeed, that the variance of each €;_j is equal to 1.

3 Operators and Abstract Wold Theorem

In this section we recall some basic notions about operators on Hilbert spaces. Our main
reference is [Nagy, Foias, Bercovici, and Kérchy (2010). The Hilbert spaces framework is
rather flexible and it allows us to state an abstract version of the Wold decomposition. The
main notions of Hilbert space theory that we employ are isometry and orthogonal projection

on a closed subspace.

Abstract Hilbert spaces are suitable when dealing with stochastic processes because they
constitute the generalization of the space L?(£2, F,P) to which the realizations z; of a weakly

stationary process x belong.

Let ‘H be a Hilbert space and consider an operator V : H — H. We will deal with bounded

linear operators and we will occasionally compute their adjoint operator.



Definition 4 Let V : H — 'H be a bounded linear operator. The adjoint, or transposed,
of V is the bounded linear operator V* : H — 'H that satisfies the relation

(Vz,y) = (x, V*y) Ve,y € H.
In particular, |V = [|[V*|.
In the following lemma we state a fundamental property of the kernel of the adjoint of a

bounded linear operator, that is the orthogonal complement of the image VH coincides
with the kernel of V*.

Lemma 1 Let V : H — H be a bounded linear operator and V* its adjoint. Then,

ker(V*) = H o VH.

Proof. See Luenberger (1968). m

As a result, we can compute the kernel of V* whenever we need to characterize the elements

that are orthogonal to any of the elements in the image of H through V.

The crucial feature of the linear operator V that induces a Wold decomposition is the
isometry. According to this property, inner products are preserved from the Hilbert space

‘H to its image VH. Moreover, the norm of isometric operators is equal to 1.

Definition 5 Let V : H — H be a linear operator. V is an isometry when
(Va,Vy) = (z,y)  Vz,yeH,

or, equivalently,
V'V =1,

where I denotes the identity map on H.

Clearly, if V is an isometric operator, also its powers V7, with j € N, are isometries. In

addition, the following lemma will be helpful when dealing with the image of H through V.

Lemma 2 Let 7 be a closed subspace of a Hilbert space H and V : T — T an isometry.
Then, the image of T through 'V 1is closed in Z.



Proof. See Appendix. m

Note that isometric operators are not required to be onto, hence VH may be a proper

subspace of H. The following definition addresses this point.

Definition 6 Let 'V : ' H — 'H be a linear operator. V is unitary when it is isometric and
onto, that is

V'V=I VH=H.

The last relations are equivalent to V* = V1,

Isometries allow us to orthogonally decompose Hilbert spaces. The decomposition is based
on the so-called wandering subspace, which is also indicated as innovation subspace or detail

subspace.

Definition 7 Let V : H — H be an isometry. We call wandering subspace for V a
subspace LY of H such that V'LV and VELY are orthogonal for every h,k € Ny, with
h # k. Since V is an isometry, this definition is equivalent to require that V'LV is

orthogonal to LY for every n € N.

Given a wandering subspace £V, it is possible to define the orthogonal sum
+oo
Hvic,
§=0

in which the convergence of the infinite direct sum is in the norm induced in the Hilbert
space ‘H by the inner product. It may happen that such an orthogonal sum covers the whole
Hilbert space H. This leads to the definition of unilateral shift.

Definition 8 Let V : H — H be an isometry. We say that V is a unilateral shift when
there exists a subspace LY of H which is wandering for V and such that

+o00
@ vigV =H.
j=0

Given a unilateral shift, the innovation subspace is uniquely determined, as we claim in the

following lemma.



Lemma 3 Let V : H — H be an isometry. If V is a unilateral shift, then the wandering

subspace LY is uniquely determined by V and it satisfies the relation

LY =HOo VH.

Proof. See Appendix. m

We refer to Nagy et al.| (2010)) for further details, as well as for the proof of the Wold
decomposition of Hilbert spaces. Such decomposition is based solely on isometric operators
defined on Hilbert spaces. Therefore, we name this result Abstract Wold Decomposition

Theorem.

Theorem 9 (Abstract Wold Decomposition) LetH be a Hilbert space and V : H — 'H

be an isometry. Then, H decomposes uniquely into an orthogonal sum
H=HoH,

such that
VH =H, VH CH,
the restriction of V on H is unitary and the restriction of V on H is a unilateral shift. In
particular,
+00 +oo
H=(V'H, H=PVL,
j=0 Jj=0

with LV = H o VH.

Proof. See Nagy et al|(2010). m

Observe that one of the subspaces H and H may be null (not both, unless H is trivial). Note
also that H and H play, respectively, the role of the deterministic and the non-deterministic
components that come up in the Classical Wold Decomposition for time series. Finally,
remember that the convergence of the infinite direct sum in H is in the norm of the Hilbert

space.

The aim of the next section is to explain in detail how the Classical Wold Decomposition for
time series may be derived by applying Theorem [J to a particular Hilbert space on which

the lag operator is isometric.



4 The Classical Wold Decomposition from the abstract one

In this chapter we build, step by step, all the constituents of the theoretical framework
that makes the Classical Wold Decomposition arise as a special case of the Wold Theorem
for isometric operators. We begin with the definition of a Hilbert space, H;(x), and we
show that the lag operator is isometric on it. This is what we need to apply Theorem
[0 Afterwards, we devote the second subsection to the characterization of the innovation
subspace, by taking advantage of the properties of the adjoint of the lag operator. Finally, we
retrieve the Classical Wold Decomposition for time series and we prove the usual properties

of such representation by exploiting the isometry of the lag operator.

4.1 The Hilbert space H;(x) and the lag operator as isometry

We consider the vector space L%(§2, F,P), which is a Hilbert space when it is equipped with
the inner product:
(A, B) = E[AB] VA, B € L*(Q, F,P).

We introduce a zero-mean weakly stationary stochastic process x such that each random
variable x; is measurable. In particular, we are interested in the closed subspace H;(x) of
L*(Q, F,P) spanned by the sequence {z;_}ren,. This is the space of random variables
y € L?(Q, F,P) such that there exists a sequence of real numbers {a }xen, so that

n
y—= Z ATt
k=0

— 0, as n — +00.

In an equivalent way, we can claim that the subspace H;(x) is defined by

+o0o +00 +00
Hi(x) = cl {Z QpTi_); Z Z arapy(k — h) < —i—oo} , (1)
k=0

k=0 h=0

where cl denotes the closure in the L?-norm and v : Z — R is the autocovariance function.

H:(x) is a Hilbert subspace of L2(Q, F,P); see [Bierens| (2012) for the proof. We recall that

the inner product of L?(£2, F,P) acts on square-summable linear combinations, for instance

—+00 +oo
A= § apTi—k, B= Z bhTt—p,
k=0 h=0



(A,B) =E

+00 “+o0o “+0o0 +00
(Z akﬂﬂt—k) (Z bhfﬂt—h)] =3 ) apbyy(k - h).
k=0 h=0

k=0 h=0
In addition, one can show that the subspace H;(x) may be built from arbitrary finite linear

combinations of variables x;_t, according to the relation

+00
Hi(x) = cl { U span (T4, T¢—1,. .. 7$tn)} .

n=0

Nevertheless, when dealing with H;(x), we will refer to the characterization and, in
particular, we will call generators of H;(x) the random variables Y -, apx;—j that satisfy

the square-summability requirement

too 2 +00 2 +00 +00
Z apzi_i|| =E (Z akm_k) = Z Z agapy(k — h) < +oo.
k=0 k=0

k=0 h=0

Now we provide the definition of lag operator on the space H;(x).

Definition 10 We call lag operator the operator L : Hy(x) — Hy(x) that acts on gener-
ators of Hi(x) as

“+oo “+o0o
L: Zaku’ﬂt—k — Zakﬂft—l—k-
k=0 k=0

The first problem we face is the definition of L on the whole closed space H;(x). The
following proposition helps us in extending L continuously by means of an operator that we

still call L, with a little abuse, which has the same norm of the original L.

Proposition 11 The operator L is well-defined and it is linear and bounded on the span

of generators of Hy(x). Hence, it can be extended to Hi(x) with continuity.

Proof. In order to show that L is well-defined, take any generator X = ) 7 agzi—f in

H:(x), meaning that
+00 +00

X017 =YY agany(k — h) < +oo.

k=0 h=0



Recall that LX = E,?;O apxi_1_k so that, by the weak stationarity of x,

“+o00 +o0o “+o00 +o00o

ILX[P =) Capany (k+1) = (h+1)) =Y > agapy(k — h) = [|X]?,

k=0 h=0 k=0 h=0

which is finite. As a result, LX belongs to H;(x) too, so L is well-defined.
Linearity of L is immediate to prove.

As for boundedness, we already showed that ||LX|| = || X]|| for any generator X € H;(x).
This implies that |L|| = 1. Therefore, L is a bounded operator and so it can be extended
to the closed space H;(x) with continuity. m

We stress the fact that the weak stationarity of x is the key-property to ensure that the
lag operator is an isometry on the Hilbert space H;(x). Indeed, the following proposition

asserts the equivalence between the isometry of L and the weak stationarity of x.

Proposition 12 Let X be a zero-mean stochastic process such that x; € L*(Q, F,P) for all
t € Z. The operator L is an isometry on Hi(x) for any t € Z if and only if x is weakly

stationary.

Proof. Assume that x is a weakly stationary time series. We just prove the isometry
property for generators of H;(x). Indeed, by continuity of the extension of L on the closure,
it follows that the property is satisfied on the whole closed space H;(x). Take, then, any
X =300 akTi—k, Y =Y 1o bpzi—p in Hy(x). By the weak stationarity of x, we have

“+00 +0oo —+00 +00
(LX,LY) => > apbpy (k+1) = (h+1) =D Y apbpy(k — h) = (X,Y).
k=0 h=0 k=0 h=0

As a result, L is an isometry on H;(x).
Conversely, suppose that L is an isometric operator on H¢(x). Hence, for any X =
Y ore o kg in Hy(x), it holds (X, X) = (LX, LX), namely

+o00 +o00 +o00 +o00

Z Z apapE [,_pai_p) = Z Z apapE [y _pzi_1-p) -

k=0 h=0 k=0 h=0

By choosing X = a,x:_p, with a, # 0, n € Ny, the equality becomes
2 _ 2
anE [‘rt—nfﬁt—n] = anE [xt—l—n«rt—l—n] .

10



As aresult, E [z7_,] =E [27_,_,,] for any n € N.

After that, choose the element X = apz;—p, + a2y, where ap,a, # 0 and p # ¢, with
p,q € Ng. Then,

(X, X) = a%IE [:Uf_p] —I—agE [xf_q] +2a,04E [T pxi—g] = (a]% + ag) E [;v?] +2ap04E [z pxi—g) -
and, similarly,

(LX,LX) = agE [J:f_l_p] + agE [xf_l_q] + 2a,04E [24—1—pxi—1-¢]

= (af, + ag) E [ZL',%] + 2ap04E 241 —pxi—1-¢] -
Since (X, X) = (LX,LX), we find that
E [zt—pzi—g] = E [1-1-pT1-1-¢] -

As a consequence, E[z;_,x;_4] depends at most on p — ¢. Since the process x is also
zero-mean and x; € L?(Q, F,P) for all t € Z, it follows that x is weakly stationary. m

Once the isometry of the lag operator is ensured, we focus on the image of L and of its
powers L7, with j € N. Indeed, these subspaces will be present in the Wold decomposition
of Hy(x) when the operator L is employed.

Proposition 13 For any j € N,

Lth(X) = Ht_j (X)

Proof. We begin with proving that LH;(x) = H;—1(x).

Consider any generator X = > 77 apz¢—) belonging to Hy(x). Clearly, its image LX is
included in H;—1(x) by definition. As for the generic elements of H;(x), the continuity of
the extension of L and the closure of H;_1(x) ensure that the whole LH;_1(x) is contained
in Hy—1(x).

Conversely, consider any generator Y = > 72, agzi—j in He—1(x). It is easy to see that ¥

is the image of the element X = Y77 s apy12¢—k belonging to H;(x) because

+oo —+00
LX = Zak+1$t—1—k = Zakl“t—k =Y.
k=0 k=1

11



As a result, generators of H;_1(x) are included in LH;(x). By Lemma[2] L'H;(x) is a closed
subspace of H¢(x) and so, by taking the closures we get that the whole H;_1(x) is contained
in L'H;(x).

Following the same steps by using the operator L’ : H;(x) — H;(x) that acts on generators
of Hi(x) as

+oo “+o0o
| Zakl"t—k — Zalﬂt—j—ka
k=0 k=0

it is easy to show that L/H;(x) = H;—j(x) for any j € N. Indeed, L is an isometry too

and the proof we described above still works. m

As the lag operator turned out to be an isometry on H;(x), we can apply the Abstract Wold
Theorem to the isometry L on the Hilbert space H;(x). However, in order to complete the

decomposition, we need to describe explicitly the innovation subspace ﬁ%‘.

4.2 The wandering subspace L

In this subsection we determine ,CtL , that is the wandering subspace associated with the
lag operator, in two ways. The first one employs Gram-Schmidt’s orthonormalization pro-
cedure, it is rather straightforward and it is particularly suitable for the lag operator on
Hi(x). Differently, the second method exploits Lemma Indeed, L} is the orthogonal
complement of the subspace LH;(x) and, accordingly, it coincides with the kernel of the
adjoint of L. Hence, we will focus on the determination of L*. The latter approach has
wider applicability than the first one because it may be used when isometries different from

the lag operator are involved.

A convenient way to proceed is to find a countable complete orthonormal system of gen-
erators for H;(x). Indeed, such a system enables us to write any element of H:(x) as a
convergent series of orthogonal variables. See, for instance, Luenberger| (1968) or [Rudin

(1987) as references. Thus, let us consider the set
Xt = {:L't—k . k€ NO} .

AX; is a countable complete linearly independent system of generators for H;(x); note that
linearly independence is guaranteed by the regularity of the process x. We can exploit
Gram-Schmidt’s procedure in order to build a countable complete system & of generators

for H:(x) that is also orthonormal:

gt = {et_k : ke No},

12



where, for all k, h € Ny,
< [ 1 itk=nh
Gk C=hl =0 if k£ .

As a consequence, we can write any element X of H;(x) as a convergent series in norm:

+o0 oo
X = chet_k with Zci < +o00.
k=0 k=0

Therefore, we can rewrite the Hilbert space H;(x) as

—+00 “+o00 +0oo
Hi(x) =cl {Z QpTi_f Z Z agapy(k —h) < —i—oo}
k=0

k=0 h=0
“+00 —+00
= chet_k : Zci < 400 ;.
k=0 k=0

The closure is not needed when we use the complete orthonormal system &;.

We now focus on the details of Gram-Schmidt’s construction. The method proceeds induc-
tively. In particular, consider &_1 as a countable complete orthonormal system of generators
for H;—1(x). Then, the space H;(x) is generated by the system {x;, &_1}. Following Gram-
Schmidt’s procedure, we discover that a complete orthonormal system for H;(x) is given by

{et,E—1}, where the variable e; is built as

Ty — 7DHt,l(x)fUt
t = .
e = Prip_y o e

e

We recap this observation in the following proposition.

Proposition 14 Let &_1 be a countable complete orthonormal system of gemerators for

Hi—1(x). Then, a countable complete orthonormal system of generators for Hy(x) is given
by {et,E—1}, where
Tt — PHt_1(x)$t

e = .
Y e = P ot

Proof. Clearly, a countable complete system of generators for H(x) is given by {z,E—1}.
Let y be an element of H¢(x). Then, there exist a real number « and a variable w € H;_;(x)
such that

y = oz +w,

13



where the equality is in norm. Therefore,

t— PHt,l(x)mt

y = aloe = Pr_ypom Hi APy, o +w = i+ 2,

t— PHt_1(x)xtH

where 0 = « Hl’t — PHt—l(X)xtH is a real number and z = aPy, (x)@t + w is a random
variable belonging to H;—1(x). Thus, z can be written in terms of the orthonormal system
&i—1. Moreover, all the involved variables in the decomposition of y are orthonormal and so

{et, Ei—1} makes up a countable complete orthonormal system of generators for H;(x). ®

An immediate consequence of Proposition is that the space H;(x) can be decomposed

into the direct sum
Hi(x) = Hi—1(x) @ span {ﬂft - PHt—l(x)xt} .

Equivalently, the linear space generated by the variable z; — Py, (x)2¢ 1s the wandering

subspace associated with the isometric operator L on Hy(x):

EtL = span {xt — PHt_l(x)fct} .
As a consequence, the Abstract Wold Decomposition, stated in Theorem [9] can be applied.

Now we turn to the alternative approach. Nevertheless, before concentrating on the adjoint
of the lag operator, we investigate the way in which L acts on elements of &. In particular,
we study what happens when we apply the lag operator to the orthogonal projection of

on the subspace H;_1(x). Unsurprisingly, the isometry of L ensures that
LPH, 10Tt = Pry_(x)Tt—1-

Roughly speaking, the lag operator and the projection map commute, thanks to the weak
stationarity of the process x. Consequently, as for the elements of the system &, we find
that

Let = €¢_1-

A more general case is described in the following lemma.

Lemma 4 For any k,j € Ng,

L]PHtfkfﬂx)xt—k = PHt7k7j71(X)xt—k—j
and so any element e;_j of the orthonormal system & satisfies the relation

Llei = e—p—j.

14



Proof. See Appendix. m

The proof exploits the normal equations that define orthogonal projections on closed sub-
spaces. The isometry of the lag operator is crucial in combining together such equations in

order to derive the desired result. In addition, an immediate outcome of Lemma [ is that
7 = Py,
is not dependent on the time index ¢ € Z.

At this point, we have all the instruments to determine explicitly the adjoint of the lag
operator. In order to do so, we represent the elements of H;(x) in the complete orthonormal

system &;.

Proposition 15 The adjoint of L is the operator L* : Hi(x) — Hi(x) that acts on

elements of H(x), written with respect to the orthonormal system &, as
“+oo “+o0o
L*: Zbket—k [ — Zbk+let—k'
k=0 k=0

Proof. First of all, note that L* is well-defined. Indeed, the square-summability require-

ment is satisfied because the element Y77 bre;—j belongs to Hy(x):
+00 +o00
2 2
S0« S < o
k=0 k=0

We are just left to establish the relation
(LX,Y) = (X,L*Y),
for any elements of Hy(x) as X = > 7 cpherp, Y =D o0 brei—p.

Observe that, by Lemma []

—+00 “+o00 “+00
LX =L (Z Cheth> = Z cplegp = Z Ch€t—1—h
h=0 h=0

h=0

and so, by exploiting orthonormality,

400 +o0 +00 +00 +00
(LX,Y) = chhbk@tflfha e—k) = Zchbh+1 = chhbmﬂeph, er—k) = (X, L"Y),
h=0 k=0 h=0 h=0 k=0

as we wanted to check. m

We are now able to compute the kernel of the adjoint operator L*.
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Proposition 16 The kernel of the operator L* is

ker(L*) = span {zy — Py, )Tt} -

Proof. We write any element of H;(x) as a convergent series of elements in the complete

orthonormal system &;. The kernel of L* is defined by

ker(L*) = {X € Hy(x): L*X =0}
+oo
{Zbket k€ Hi(x (Zbket k) —0}
k=0

where the equality L*X = 0 is in norm. Recall, by Proposition [15] that

400 400
L*X =L" (Z bket—k> = Z bkt1€t—k-
k=0

k=0
By the orthonormality of elements e;_j, the last quantity equals zero, in norm, if and only

if
+0o0o

Z (brs1)” = 0.

k=0
This happens if and only if by = 0 for all £k > 1, that is, X = bge;. As a result, we
find out that the kernel of L* coincides with the linear space generated by e;. Finally,

Gram-Schmidt’s construction immediately implies that
span{e;} = span {xt Pr,_1( xt}
[ ]

As Lemma [1| ensures, we retrieve that the wandering subspace £} is the linear space gen-

erated by the variable x; — Py, (x)Tt-

Finally, in order to fill in the Wold decomposition of H;(x), we need to analyse the image
of L} through the powers of L.

Corollary 17 Let L} = span{mt Pr,_1( :Bt} Then, for any j € N,

LjﬁtL = span {xt,j — fPHt_j_l(x)v’Utfj} .

16



Proof. By Lemma {4} the elements e;_; of the orthonormal system &; coincide with Lie,,

for any j € N. Therefore,

L/L} = Lspan{e;} = span{e;_;} = span {xt_j - PHt,j,l(x)ﬂUt—j} .
u

The last corollary is actually based on the interaction between the lag operator and the
projection map highlighted by Lemma [4l We are now ready to show precisely how the
orthogonal decomposition of the space H;(x) is deduced from the Abstract Wold Theorem

when the lag operator is the involved isometry.

Theorem 18 Consider the Hilbert space Hy(x) and the lag operator L. Then, Hy(x) de-

composes uniquely into an orthogonal sum

Hi(x) = He(x) & Hy(x),
such that
LH(x) = He(x),  LHi(x) C He(x),

the restriction of L on Hy(x) is unitary and the restriction of L on Hy(x) is a unilateral

shift. In particular,

—+00

“+o0o
Ht(X) = m Htfj(X), Ht(X) = @span {xt,j - PHt_j_l(x)xt*j} .
j=0 j=0

Proof. Since L is an isometry we apply the Abstract Wold Decomposition, i.e. Theorem

0l

As for the subspace H(x), since each LIH,(x) coincides with H;—j(x) by Proposition
we have that

A~ +OO . +OO
Hu(x) = (LIH(x) = [ Hej(x).
7=0 7=0

Now, turn to the subspace H;(x). By Theorem @ we know that

—+00
Hi(x) = P Licy,
j=0

17



where LT is the innovation subspace defined by
L} = Hy(x) © LHy(x) = Hi(x) © Hy-1(x).

Since the orthogonal complement of LH;(x) is the kernel of the adjoint operator L* (see
Lemma , by Proposition

LY = ker(L*) = span {or — P, 0w} -

In addition, by Corollary we know that subspaces L/ L], with j € Ny, are
L/ L = span {xt_j - PHt,j,l(x)Q?t—j}
and this completes the decomposition. m

The theorem essentially collects all the results we mentioned so far. The decomposition is
still abstract but the application to time series is now attainable. Additional details are
discussed in Section

We conclude this subsection by analysing the interaction between non-regularity and the
deterministic component of a weakly stationary time series. The question arises from the
requirement, in the Classical Wold Decomposition, of a regular time series x. In fact,
when regularity lacks, the process x turns out to be purely deterministic. Furthermore,
the converse implication is also true: purely deterministic processes are not regular. As
before, the isometry of the lag operator is the fundamental property that is employed. To
summarize, the regularity requirement ensures a non-trivial Wold decomposition, in which

the non-deterministic component is non-null.

Proposition 19 Let x = {x},., be a weakly stationary stochastic process. Then, X is

purely deterministic if and only if it is not reqular.

Proof. Suppose that the process x is purely deterministic. Then, for any t € Z,

“+o00

T € m Hi—j(x);

J=0

in particular, x; belongs both to H;(x) and H;_1(x). Hence, the projection of x; on the
subspace H;_1(x) is z; itself:

|2t = Py, o e|| = 0.
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For this reason, x is not regular.
Conversely, let x be non-regular. Thus, we can find some integer 7 such that
lz7 = Pre. s - || = 0.

Since the lag operator is isometric on H;(x), see Proposition from Lemma 4] it follows
that, for any j € Ng,

Similarly, it also holds that, for any j € N,

Therefore,

v = Prty a0t = I (@r = Prey )| = llor — Pr el = 0.

Pt P”Tﬂ'fl(x)x”jH - HLj (”””Tﬂ' B PHfﬂ—l(x)xT*j) H = ller = Pr, yoar|| = 0.

th_,PHt_l(x)xtH =0 Yt € Z.

The last equality implies that, fixed any ¢ € Z, the variable x; € H;(x) belongs also to

H:—1(x). Consequently, we are able to find a sequence {X,,}, of generators

+o00
Xo = (Bl te-1-r € Hi1(x),
k=0

such that
—+00
|z — Xl = || — Z (Bn) Tt—1-k|| — 0, as n — +00.
k=0
Since also
711 = Pr, o zea || = 0,
we have
—+o00
20— Y (Bu) Br—1-k — (Bn)o Pry_a(x) Tt-1
k=1
+o0
= ||%t — Z (ﬁn)k Ti—1—k + (ﬁn)o Tt—1 — (5n)o PHt,Q(x)fUtﬂ
k=0
400
S| — Z (ﬁn)k T—1—k|| T \(ﬁn)o\ Hfﬁt—l - PHt_Q(x)JUt—1H
k=0
“+oo
= |z = > (Bu)g Te—1-k]| -
k=0
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As the right-hand side converges to zero, when n increases, we deduce that

+o00

Ty — Z (ﬁn)k Tt—1—k — (ﬁn)o ,P’Ht,g(x)$t71

k=1

— 0.

From the last expression, we see that x; belongs also to the subspace H;—_2(x). By induction,

it is possible to prove that, for any ¢ € Z,

+o0
Tt € m Htfj = 'Ht(x)

=0

and this fact ensures that the process x is purely deterministic. m

In case regularity lacks at some time index 7, the isometry of L ensures that regularity is

missing at any time ¢ € Z. This fact forces the process x to be purely deterministic.

Hence, a weakly stationary time series x is regular if and only if it is not purely deterministic.
This happens when the non-deterministic component is not trivial. In other words, a weakly

stationary stochastic process is regular if and only if its Wold decomposition

“+o0
Ty = E Qe + 1t
k=0

has at least one non-zero impulse response function .

4.3 Classical Wold Decomposition for time series

The final step consists in applying the Wold decomposition of Hilbert spaces stated in
Theorem to zero-mean, regular, weakly stationary processes, in order to recover the
Classical Wold Decomposition for time series. Our proof is based on the Hilbert space
framework and it exploits the isometry of the lag operator. This approach is quite general

and can be useful in several applications besides the one presented here.

Theorem 20 (Classical Wold Decomposition) Let x = {x;}1cz be a zero-mean, regu-

lar, weakly stationary stochastic process. Then, for any t € Z, xy decomposes as
+o00
Ty = Z OkEt—k + Vi,
k=0

where the equality is in the L>-norm and
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i) € = {et}iez is a white noise process with variance equal to 1;

1) for any k € Ny, the coefficients oy, do not depend on t,

+oo
a = E [z k] and Za% < 400;
k=0

i) v = {vi ez 15 a zero-mean weakly stationary process,
+o0
v € m Hi—j(x) and  Elneri] =0 Vk e Ny,
7=0
iv)

+oo +oo
v € cl Zahyt,h € ﬂ Ht_j<X) : ap €R
h=1 j=1

Proof. We apply Theorem [18| to the random variable x; which belongs to H;(x), for any
fixed t € Z. We denote 14 the orthogonal projection of x; on the subspace ﬂt(x) and we
define the process € = {e;}+cz by setting, for any ¢ € Z,

. Tt — PHt_1(x)$t
t = .
[ 2t = Pri, s o 24|

3

By calling «y, the projection coefficient of x; on the linear subspace generated by e;_x, we

find the decomposition

oo
Ty = E QpEr_k + Vg,
k=0

in which the equality is in norm. However, we still need to show that the coefficients «aj do

not depend on time index t.

i) By definition we have that E [5%] =1 for each ¢. Moreover, as discussed in Lemma

the isometry of L guarantees that

[

is not dependent on ¢. In addition, for any h # k, it is true that E[e;_pei—i] = 0,
because variables ¢; belong to orthogonal subspaces. Hence, in order to prove that
the process € is white noise, we just need to show that E[e;] = 0 for any ¢. To begin
with, we show that E [PHt,l(x)%] = 0.
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In case the projection of x; on the subspace H;_;(x) coincides with a generator of

H;—1(x), namely
Pr,_y( Zﬁh?ﬁt 1-h

for some sequence of square-summable coefficients {3, }1,, we immediately check that

[PHt 1( X)zt ZﬁhE Ti—1-p] =0

as X is a zero-mean process.

In general, we can find a sequence {X,}, of random variables
+o0o
X, = Z (ﬁn)h Lt—1—h

h=0

that converges to Py, | (x)®t in norm:
HX” — PHt—l(x)xtH — 0, as n — 400.
By exploiting Cauchy-Schwartz’ inequality, we can claim that

B [Xn] =B [Py, 1oze] | = [B [(Xn = Pr, s o2e) - 1]]
HX PHt 1( -TtH

Therefore, when n goes to infinity,
|E [X0n] — E [Py, ,0ze] | — 0.

However, we know that, for any n € N,

—+00

E[Xa] = 3 (Bu) Elwi1-4] =0,

h=0
As a result, by uniqueness of the limit, we infer that E [PHt_l(x)wt] =0.
Summing up,

_E (2] — E [P,y ()2t
[t = Pr,_ o

Tt = Pr,_y (x) Tt
|6 = Pr, o

Ele] =E =0

and so € is a white noise process.
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i7) Each oy is the usual least squares coefficient coming from the projection of the random

variable x; on the linear subspace generated by e;_;. More explicitly, for any k& € Ny,

+oo
E [:L‘tet—k] =E [(Z apEi—p + Vt) 5t—k]

h=0
+0o0

= Z apE [er—per—g] + E [veer—i]
h=0

= ai + E [vier—i] = oy,

because € is white noise and, in addition, v; and &;_j belong to orthogonal subspaces
(see Theorem . Moreover,

+oo
Z ai <+
k=0
because the element 7%, ape_x belongs to Hy(x), which is a subspace of Hy(x).

We are left to prove that each coefficient o does not depend on the time index ¢t. By
Lemma [4 we know that, for any j, k € Ny,

ey =gy

Given the decomposition of

o0
Tt = g k€ k + Vg,
k=0

we apply the lag operator on both sides to obtain

—+00 —+o00 “+o00
zi—1 =L <Z akatk> + Ly = Z apLe;_p + Ly = Z apei_k—1 + Ly,
k=0 k=0 k=0

where we used the linearity and continuity of L. Thus, we observe that the projection
coeflicients of x;_1 on the subspaces generated by ¢;__1 are the same as the projection
coefficients of x; on the subspaces generated by &, i, for all £ € Ng. Hence «y, is also
equal to

ap =Eri_160-k-1]-

More generally, by using the operator L, it can be shown that
ap =E [xt_jet,k,j] V] € Ny
so that «j is independent of the time index ¢, for any k.
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i7i) By following Theorem v is the projection of x; on the subspace ﬂt(x) and
E[ei—x] = 0 for any k € Ny because 14 and ;) belong to orthogonal subspaces
of Ht (X)

In addition to this, v is zero-mean because, for any t € Z,

+oo
En] =E [xt — Z QREL_E

k=0

+oo
=Bz — Y oxEles4] =0
k=0
as both x and € are zero-mean processes.
Before proving the weak stationarity of v we establish that
E[xi_ree—y] =0 vie{0,...,k—1}.

In fact, the variable x;_; has the following decomposition:

400 400
Tk =Y OnEhon+Vik =Y BiEr1+ Vi k,
h=0 1=0

where we defined

3 = ap, if l=k+ h for some h € Ny,
"o if 1 €{0,... k—1}.

Note that the above expression enables us to embed the subspace H;_(x) in H;(x).

Now, since the decomposition of the variable x;_j is unique in H;(x), it follows that

E[l’t,ké‘tfl] :ﬂl =0 Vi e {0,,k‘—1}
Now, the last step in order to show that v is weakly stationary is to prove that

E [v4—pri—q] depends at most on the difference p — ¢, for any p,q € Ny. Indeed,
suppose that ¢ > p + 1:
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E [Vt—p’/t—q] =E

+oo +oo
Tt—p — E OkEt—p—k Tt—q — § OhEt—q—h
h=0

LTt— p§ QpEt—q— h]

E[Sﬂt pLt— q

—+o00
—E [xtq Z()ékc?t_p_k +E <Z akﬁt—p—k) (Z ahst_q_h>]
+o0
=v(p—q) = Y_ anE[wrperg]
h=0
“+00 +0oo
—Zaklﬁl Tt—gEt—p—k —i—ZZakahE Et—p—kEt—q—h)
k=0 h=0
q—p—1
- Zah%ﬂwh D T =—,
h=0 k=0
—+00 “+o00
- Z K [z—ger—pi] + Z O Cp—q+k
k=q-p k*q—p
Zah% p+h —0— Z U Qp—gtk T+ Z QU Qp—g-+k

k=q—p k=q—p

— Z ahaq_p+h.
h=0

As a result, E [14_p1y—q] depends at most on p — g and so v is weakly stationary.
iv) Given that

VtEHt ﬂHt]

we can see v; as an element of the closed subspace H;—1(x) and so we can find a

sequence of variables {X,,}, C H;—1(x) that converges to v; in norm. For example,

we can set
—+o00
Xn = Z (ﬂn)k Tt—1—k,
k=0
with
+o00
lve — Xl = ||e — Z (Bn)g Te—1-k|| — 0, as n — +oo.
k=0
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Note that any of the variables x;_1_j has a Classical Wold Decomposition, that is

—+00

Ti1-k = § OpEt—1—k—h + Vi—1—k,
h=0

in which the equality is in norm. By combining these facts together, we get

400 400
vi— > (B <Z QhEt—1—k—h + Vt—l—k> ‘

k=0 h=0
+oo
< v — Z (ﬁn)k Tt—1-k
k=0
+o0 +00 +oo
S k=3 (8 (z ntesin + ) H
k=0 k=0 h=0
“+00
< v — Z (Bn)i T—1—k
k=0
+00 oo
+ Z |(Br )il || e—1-k — (Z QpEt—1—k—h + Vt—l—k) H
k=0 h=0
+oo
= ||Vt — Z (ﬁn)kxt—l—kz
k=0

When n goes to infinity, the right-hand side converges to zero. Therefore, also

+o00 +oo
Ve — Z (Bn )k (Z QpEt—1-k—h + Vt—l—k) H — 0.

k=0 h=0

The last convergence may be rewritten as

400 400 l
Vg — Z (Bn)g Vi—1—k — Z (Z (Bn) alk) Et—1—1

k=0 =0 \k=0

Note that the element
+o00 l
3 (z o )
1=0 \k=0

belongs to H;(x), while
+oo

Vg — Z (Bn)k Vi—1—k

k=0
is contained in Hy(x). Since Hy(x) and H;(x) are orthogonal subspaces, in the limit

it must hold that
+oo

v — Z (Bn)p Vie1—k

k=0
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As a consequence, we can claim that
“+o00 —+00
1 €cl Zath—h € ﬂ Hi—j(x): apeR
h=1 j=1

Beyond the isometry of L and the use of Lemma 4] the key notion exploited in the proof
is the orthogonality between the subspaces induced by the Abstract Wold Decomposition
of the Hilbert space H¢(x). The methodology is general and it has wide applicability. In
particular, most of the characteristics of the Wold coefficients ay and of the process v are
due either to the orthogonality between H;(x) and H;(x) or to the orthogonality among the
images of the wandering subspace through the powers of L. Properties ¢) and i) help us
in characterizing the non-deterministic component of x, while the other two fully describe

the nature of the deterministic component, especially its predictability.

5 A rescaling operator as isometry

In this final section we suggest an alternative operator that, in case it is isometric, can
be used instead of L to obtain a novel Wold-type decomposition of a weakly stationary
process. In particular, we start from the problem of extracting persistent components from

an economic time series.

A convenient way of achieving this goal is given by the application of the discrete Haar
transform (or other multiresolution methods) as it is done, for instance, in |Ortu, Tamoni,
and Tebaldi| (2013)). This methodology relays on a rescaling operator f{, that maps the

realizations x; of a time series x = {z;},c, into the sequence of two-by-two averages:

Lok + Tp—ok—1 }
keNg

Ry: {xt—k}keNO — { NG
This operator comes from the composition of two operators. Indeed, Ry = f)xMx, where

v Ti—k + Tp—k—1
Mx : {xt*k}kGNo — {2
keNy

is the dyadic mean operator and

9

Dy A%t-k}pen, = {\/ixt—%}k

€No
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is the dyadic dilation operator.

Hence, given a zero-mean weakly stationary process x, we define a proper operator Rx on
the Hilbert space H:(x) in a way that it mimics the original R, on linear combinations of

random variables.

Definition 21 We call Rx the operator Rx : Hi(x) — Hi(x) that acts on generators of
Hi(x) as

ERCS)
Ry : E apTi—f § f (Tp—2k + Tr—2k-1) -
k=0

The usual requirements that x is zero-mean, regular and weakly stationary are not suffi-
cient to ensure that Ry is well-defined and isometric on H(x). Other conditions need to be
satisfied by the process x. When the operator Ry is isometric, the Abstract Wold Theorem
supplies a novel Wold-type decomposition. In this decomposition, the non-deterministic
and the deterministic components have a new interpretation because they are now asso-
ciated with a rescaling operator and not with L. Similarly to what we did in Subsection
a convenient way to determine the wandering subspace is to exploit the kernel of the
adjoint operator, as suggested by Lemma [I| The main outcome of the application of the
Abstract Wold Theorem consists of the orthogonality of the arising components in the new
decomposition, which is guaranteed by construction. An in-depth discussion on this topic

is present in |Ortu, Severino, Tamoni, and Tebaldil

6 Conclusion

In this work we showed how the Classical Wold Decomposition for time series can be derived
from the Abstract Wold Theorem, that involves isometries on Hilbert spaces in an abstract
framework. In particular, we dealt with the space H;(x) spanned by a weakly stationary
stochastic process x and we employed the lag operator as an isometry. The orthogonality
of the abstract decomposition allowed us to retrieve the properties of the deterministic
and the non-deterministic components into which a weakly stationary time series can be

decomposed.

The fundamental step in the construction is the characterization of the wandering subspace.

In order to determine this subspace, we analyzed the kernel of the adjoint of the lag operator.
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This procedure suggests a more general methodology that can be followed in order to
find Wold-type decompositions with isometries different from the lag operator. Any of
these decompositions inherit the orthogonality properties of the Abstract Wold Theorem.
Therefore, they are suitable for econometric applications because they provide a feasible

shock identification.
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Appendix
Proof of Lemma

Take into consideration an element y € Z such that there exists a sequence {y,},, C VI so
that

lyn — y|| — 0, as n — +o00.

Our aim is to show that actually y € VZ.

Since each y,, belongs to the image VI, we can find an element x,, € Z such that y, = Vx,,.
As a result, we come up with a sequence {z,},, C Z. In addition, since {y,},, is convergent
in Z, it is also a Cauchy sequence and so, for any € > 0, there exists a natural number N

such that, for any n,m € N, with n,m > N,
e > |lyn — ymll = [[V(zn — 2p) || = 20 — 2]

The last equality follows from the fact that V is an isometry. We can infer that {z,}, is
a Cauchy sequence in Z, which is a complete subspace. Thus, this sequence converges to
some element z € Z. By continuity of the operator V, it follows that Vz,, converges to Vzx
in VZ, namely

|lyn — Vz| — 0, as n — +oo.

By uniqueness of the limit, y = Vz in the norm of H, so y belongs to the image VZ. Hence,
we conclude that VZ is closed in 7.

Proof of Lemma [3]

As V is a unilateral shift, there exists a wandering subspace £V that allows us to decompose
the Hilbert space H as

+o0
H=P VLY
j=0
and so

+oo
VH = @VJ[V.
j=1

As a consequence, we find

+o0
H=°LVao |[@PViLY|=cVaeVH,
j=1
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namely £V = H © VH. The last relation ensures that the innovation subspace LV is
uniquely determined by V.

Proof of Lemma [4]

Without loss of generality, we prove the result when k = 0. Moreover, we show the property
when j = 1, as the general case easily follows by induction. So, we provide evidence of the
fact that

L,PHt_l(x)‘Tt = PHt_Q(X)xt—l'

Orthogonality of projections on subspaces H;—2(x) and H;_1(x) leads to the following nor-

mal equations: for any [ € Ny,
(-1 — Pry_p(x)Tt—1, Te—2-1) = 0, (¢ — P,y )t Te—1-1) = 0.

The first one may be rewritten as

(-1, 21—2-1) = (P, _y(x)Tt—1, Te—2-1) Vi € N,
while the second one becomes

(@, xp—1-g) = <7)Ht_1(x)90t,90t7171> Vil € Np.

By exploiting the isometry of the operator L in the last equation, we deduce that

(w1, 20-2-1) = (LPy, | (x)Tt, Tt—2-1) Vi € N,

but now we recognize that the left-hand side is exactly the same as the one of the first

equation. By matching expressions we get that

(LPy, 1 (x)%t Ti—2-1) = (P, o(x)Tt—1, Te—2-1) Vi € No,

that is,
(LPy, ()%t — Py a0 Tt—1,T—2-1) =0 VI € Np.

Since the last normal equation holds for all variables {l’t_g_l}leNo, that generate the sub-

space H;—2(x), the condition is also satisfied by the orthonormal system &_o, namely:
<L,PHt,1(x)l‘t — 'PHFZ(X)I},D et_2_1> =0 VI € Np.
As &5 is a complete orthonormal system, we infer that

LPHFI(X)JZ,: - PHFQ(X)xt_l =0
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and so,

LPr, 130Tt = Pry_a(x)Tt-1-

What we showed so far enables us to prove that Le; = e;_1. Indeed, by taking advantage
again of the isometry of L, we infer that
L (.’L’t - PHtil(x)xt) LIL’t - L’PHt,1(x)xt

Le; = =
Y o= Prgomell L — TP, o]

Tg—1 — PHt72(X)xt—l

[t = Pr oz~

—1.

32



References

Herman J Bierens. The wold decomposition. 2012.
Peter J Brockwell and Richard A Davis. Time series: theory and methods. Springer, 2009.

Eric M Leeper, Christopher A Sims, Tao Zha, Robert E Hall, and Ben S Bernanke. What
does monetary policy do? Brookings papers on economic activity, 1996(2):1-78, 1996.

David G Luenberger. Optimization by vector space methods. John Wiley & Sons, 1968.

Béla Sz Nagy, Ciprian Foias, Hari Bercovici, and Laszlé Kérchy. Harmonic analysis of

operators on Hilbert space. Springer, 2010.

Fulvio Ortu, Andrea Tamoni, and Claudio Tebaldi. Long-run risk and the persistence of
consumption shocks. Review of financial studies, 26(11):2876-2915, 2013.

Fulvio Ortu, Federico Severino, Andrea Tamoni, and Claudio Tebaldi. A persistence-based
wold-type decomposition for stationary time series. Available at SSRN 1973049, 2015.

Walter Rudin. Real and complex analysis. Tata McGraw-Hill Education, 1987.

Herman Wold. A study in the analysis of stationary time series. 1938.

33



	Introduction
	Stationarity and Classical Wold Theorem
	Operators and Abstract Wold Theorem
	The Classical Wold Decomposition from the abstract one
	The Hilbert space Ht(x) and the lag operator as isometry
	The wandering subspace LtL
	Classical Wold Decomposition for time series

	A rescaling operator as isometry
	Conclusion

